Summary
It is shown that the simple dynamic absorber is a special case of a more general phenomenon surrounding the behaviour of multi degree of freedom vibratory systems. In particular, the motion of a prescribed mass in a multiply connected mass spring system may be absorbed by attaching an appropriately chosen system to it. Using this result, the frequency response function of a simply connected system is completely characterized. The results in this paper can be used in engineering vibrations design and may h a ve application in system identi cation and control.
Introduction.
It has long been known that the motion of a harmonically excited oscillator can be absorbed by attaching another, specially chosen, oscillator to it. This classical result, known as the dynamic absorber goes back t o F rahm 1909 or even Lord Rayleigh 1894 see 2 p 269, and has wide application in engineering vibrations design. We show here that this result is a special case of a more general phenomenon surrounding the behaviour of multi degree of freedom MDOF vibratory systems.
For de niteness we consider the systems shown in Figure 1 . The multiply connected vibratory system of Figure 1a , harmonically excited with s distinct frequencies, has motion modeled by the di erential equation Figure 1b , which w e will call the secondary system, has its motion described by the equation C d 2 dt 2 vt + Dvt = o; where here C and D are q dimensional matrices, C is positive diagonal, and D is tridiagonal, unreduced, symmetric positive de nite. We denote the natural frequencies of the secondary system, bỹ i ie.
detD , 2 i C = 0 ; i = 1 ; 2; : : : ; q : 2 The combined system, formed by attaching the secondary system to the primary as in Figure 1c , has n = p + q DOF and its motion is described by the di erential equation It should be noted, however, that this model ignores damping, a phenomenon which exists in any p h ysical structure. In the presence of light damping, no matter how small, the normal modes of motion approach zero as t increases and in such a case we m a y s a y that the steady state motion of x p t v anishes. We therefore call this phenomenon MDOF dynamic absorption.
We note that, by designing an appropriate MDOF secondary system which absorbs several frequencies, it may be possible to extend the e ective frequency range of a system beyond that possible by a single DOF absorber.
For an analysis of the steady state response of an MDOF non-linear system see 1 and references therein.
The dynamic absorber results of Section 2 are used in Section 3 to characterise the frequency response function of a simply connected system and to indicate how the physical parameters of a subsystem may b e recovered from frequency response function measurements. More generally, the forcing function will have the form of 1. In such a case it follows, from the linearity of the problem, that the superposition principle applies. Consequently, the total contribution to the motion of the pth coordinate x p t resulting from the forcing frequencies vanishes whenever 6 holds.
We illustrate this result with a simple example. Suppose two exciting forces sin t and sin 3t are applied to the system see 1 gt = g 1 sin t + g 2 sin 3t:
We wish to design a secondary system which completely absorbs the motion of the last mass in the primary system. From the results just pre- 14 The result is thus con rmed by noting that the rst three elements of the third r ow in the matrices of 13 and 14 vanish.
Designing a secondary system, ie. choosing a pair C and D which model a physically realizable system with presecribed s p ectrum is an inverse eigenvalue problem. The method we have adopted in this simple example, is to choose an arbitrary, physically realizable sti ness matrix D, and then nd a diagonal C which is such that the spectrum of D,C is as prescribed. Finding such a matrix C when it exists for a given D is known as the multiplicative inverse eigenvalue problem 4 and can be solved in closed form for systems of dimension up to three. For higher dimension, nding solutions is more di cult and even state of the art methods 5 are unsatisfactory: among other things, they are iterative and global convergence is not assured. Moreover, general conditions for a solution to exist are not known. A b etter strategy is to use the approach in 6 see p ages 69-75 for constructing the model of a simply connected mass-spring system from its total mass, its spectrum and that of the corresponding constrained system. The spectrum of the constrained system can here b e chosen arbitrarily, provided that it interlaces the spectrum of the full system.
We close this section with a remark about assigning proportional amplitudes of vibration. Suppose that the spring with constant is replaced by t wo springs, with constants 1 and 2 , 1 + 2 = , connecting the rst mass of the secondary system to masses m p 1 and m p 2 of the primary system. Then, by an analysis similar to the one above, it is easy to show that the amplitudes of the masses m p 1 and m p 2 are constrained to satisfy 1 . We wish to investigate the frequency response function FRF which describes the steady state amplitude of x q due to the harmonic excitation sin !tapplied to the mass m p , q p, as shown in Figure 2 . For this purpose, it is useful to consider the whole mass-spring system as comprising three parts: System A, a p , 1 DOF system, System B, a q , p + 1 DOF system and System C, an r = n , q DOF system. System A, when it is grounded at both ends, has mass matrixM = diagfm 1 
where q p is a constant In particular, they imply that y p,1 = 0. This is in contradiction to 21 and so the assumption F q p = 0 m ust be false.
The form of q p in 17 follows directly from F q p 0 = P p i=1 1=k i , a result easily found by static considerations.
The physical interpretation of these results is as follows. When the exciting frequency ! = i , the motion of y q is absorbed by System C. When the exciting frequency ! = i , then System A exactly counters the exciting force and consequently, Systems B and C are a t r est. In particular, y q = 0 .
For the case q p , results 16 and 17 hold with q and p interchanged if we also interchange q and p in the de nitions ofK,M,K andM.
The results above h a ve a n i n teresting application in the reconstruction of systems. It is well known that the matrix parameters k 1 ; k 2 ; : : : ; k n and m 1 ; m 2 ; : : : ; m n of a simply connected system can be reconstructed, up to a common scalar multiple, from the experimental determination of F 11 see eg. 6 . The results of this section allow the reconstruction, up to a common scalar multiple, of the matrix parameters k q+1 ; k q+2 ; : : : ; k n and m q+1 ; m q+2 ; : : : ; m n , from the observation of the two functions F q ; p ! and F q+1;p !, p q, a t 2 r, or more, distinct points. For, from this data we m a y t b y, s a y, collocation or least squares a rational function ! = F q+1;p ! F q ; p ! with numerator and denominator degrees r , 1 and r, respectively, t o the data set made up from the quotients of the supplied data. The poles of are the eigenvalues of the subsystem comprising the mass m q+1 to m n and its zeros are the eigenvalues of the subsystem consisting of the masses from m q+2 to m n . 4 . Acknowledgment. The authors gratefully acknowledge the helpful comments of Professor GML Gladwell which h a ve improved and simpli ed the exposition. The research of the rst author is supported in part by the Australian Research Council. 
